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A Lorentz invariant version of a mass-gap graphene-like planar quantum electrodynamics, the
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I. INTRODUCTION
The seminal works by Deser, Jackiw, Templeton and
Schonfeld [1] have attracted attention to the quantum
electrodynamics in three space-time dimensions (QED3)
in view of its potentiality as theoretical foundation for
quasi-planar condensed matter phenomena, such as high-
Tc superconductors [2], quantum Hall effect [3], topolog-
ical insulators [4], topological superconductors [5] and
graphene [6]. Since then, the planar quantum elec-
trodynamics has been widely studied in many physical
configurations, namely, small (perturbative) and large
(non perturbative) gauge transformations, Abelian and
non-Abelian gauge groups, fermions families, odd and
even under parity, compact space-times, space-times with
boundaries, curved space-times, discrete (lattice) space-
times, external fields and finite temperatures.
The pure graphene [6] monolayer is a gapless (massless
gap graphene) bidimensional system which behaves like a
half-filling semimetal with its charge carriers (quasiparti-
cles) being described by massless charged Dirac fermions.
However, for practical applications like transistors a gap
(mass-gap) graphene [7] is more appropriate, and such a
mass-gap effect is observed in pure monolayer graphene
on substrates [8]. Electron-electron interactions (elec-
tron pairing) in graphene [9] include electron polarons
(electron-phonon) [10] scattering processes [11], where
this quasiparticle, the polaron, which is formed by a
bound state of electron (or hole) and phonon, was first
introduced by Landau [12].
The proposed issue in this work about the possibility
of s-wave bipolarons emerging from the parity-preserving
U(1) × U(1) massive QED3 – a mass-gap graphene-like
[7] planar quantum electrodynamics – is presented as fol-
lows. Initially, the model defined by its discrete and con-
tinuous symmetries is introduced and, since the inter-
actions are nonconfining – the vector mesons, the pho-
ton and the Ne´el quasiparticle, are massive – the asymp-
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totic states for the fermions (electron polarons) are es-
tablished. Hereafter, in the low-energy limit, the s- and
p-wave Møller (e−-polaron–e−-polaron) scattering ampli-
tudes are computed and their respective interaction po-
tentials obtained and analysed. However, from this anal-
ysis, it was found conditions on the parameters which,
in spite of the p-wave scattering potential still remains
repulsive, the s-wave interaction potential becomes at-
tractive. The latter shall favour e−-polaron–e−-polaron
bound states – provided the attractive s-wave scattering
potential satisfies necessary conditions [13–16] – giving
rise to the s-wave bipolarons condensates [11].
II. THE MODEL
The Lorentz invariant version of mass-gap graphene-
like planar quantum electrodynamics, the parity-even
U(1)A × U(1)a massive QED3, is defined by the action:
S =
∫
d3x
{
−1
4
FµνFµν − 1
4
fµνfµν + µ
µρνAµ∂ρaν +
+ iψ+ /Dψ+ + iψ− /Dψ− −m(ψ+ψ+ − ψ−ψ−) +
− 1
2α
(∂µAµ)
2 − 1
2β
(∂µaµ)
2
}
, (1)
where /Dψ± ≡ (/∂ + ie /A ± ig/a)ψ±, and any object /X ≡
Xµγµ. The coupling constants e and g are dimensionful,
with mass dimension 12 , and, m and µ are mass param-
eters with mass dimension 1. Also, Fµν = ∂µAν − ∂νAµ
and fµν = ∂µaν−∂νaµ, are the field strengths associated
to the electromagnetic field (Aµ) and the Ne´el gauge field
(aµ), respectively, ψ+ and ψ− are two kinds of fermions
– each of them describing electron polarons (electron-
phonon) and hole polarons (hole-phonon) quasiparticles
– where the ± subscripts are related to their spin sign
[17], and the gamma matrices are γµ = (σz,−iσx, iσy).
A. The symmetries: parity and U(1)× U(1)
The CPT-even action (1) is invariant under:
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21. parity symmetry (P ):
xµ
P−→ xPµ = (x0,−x1, x2) ,
ψ±
P−→ ψP± = −iγ1ψ∓ , ψ± P−→ ψ
P
± = iψ∓γ
1 ,
Aµ
P−→ APµ = (A0,−A1, A2) ,
aµ
P−→ aPµ = (−a0, a1,−a2) . (2)
2. gauge U(1)A × U(1)a symmetry (δg):
δgψ±(x) = i[θ(x)± ω(x)]ψ±(x) ,
δgψ±(x) = −i[θ(x)± ω(x)]ψ±(x) ,
δgAµ(x) = −1
e
∂µθ(x) ,
δgaµ(x) = −1
g
∂µω(x) . (3)
B. The spectrum: degrees of freedom, spin, masses
and charges
The free Dirac equations associated to ψ+ and ψ−,
which stem from the action (1), read:
(i/∂ −m)ψ+ = 0 and (i/∂ +m)ψ− = 0 , (4)
So, by expanding the operators ψ+ and ψ− in terms of
the c-number plane wave solutions of the Dirac equa-
tions, with operator-valued amplitudes, a+, b+, a− and
b− (annihilation operators), and a
†
+, b
†
+, a
†
− and b
†
− (cre-
ation operators):
ψ+(x) =
∫
d2~k
(2pi)2
m
k0
{a+(k)u+(k)e−ikx +
+ b†+(k)v+(k)e
ikx} , (5)
ψ−(x) =
∫
d2~k
(2pi)2
m
k0
{a−(k)u−(k)e−ikx +
+ b†−(k)v−(k)e
ikx} , (6)
where ψ± = ψ
†
±γ
0. Consequently, from (4) and (5)-(6),
by assuming pµ = (E, px, py), the wave functions, u+,
v+, u− and v−, are given by:
u+(p) =
(/p+m)√
2m(E +m)
u+(m,~0) ,
v+(p) =
(−/p+m)√
2m(E +m)
v+(m,~0) , (7)
u−(p) =
(−/p+m)√
2m(E +m)
u−(m,~0) ,
v−(p) =
(/p+m)√
2m(E +m)
v−(m,~0) , (8)
satisfying the following conditions:
u+(p)u+(p) = 1 and v+(p)v+(p) = −1 , (9)
u−(p)u−(p) = −1 and v−(p)v−(p) = 1 , (10)
where
u+(m,~0) =
(
1
0
)
and v+(m,~0) =
(
0
1
)
, (11)
u−(m,~0) =
(
0
1
)
and v−(m,~0) =
(
1
0
)
, (12)
are the momenta space solutions of the Dirac equations at
the particle rest-frame, pµ = (m,~0). The microcausality
conditions for ψ+ and ψ−:{
ψ±(x), ψ
†
±(y)
}
x0=y0
= δ2(~x− ~y) , (13)
together with the Dirac equations (4) and the normaliza-
tion conditions (9)-(10), implies that:
{
a±(k), a
†
±(p)
}
= (2pi)2
k0
m
δ2(~k − ~p) , (14){
b±(k), b
†
±(p)
}
= (2pi)2
k0
m
δ2(~k − ~p) , (15)
where all other anticommutators vanish and, for the vac-
uum state |0〉, a±(k)|0〉 = b±(k)|0〉 = 0.
The quantum operators associated to space-time
(SO(1, 2)) symmetry and internal (U(1)A×U(1)a) sym-
metry, spin (S), electric charge (Q±) and Ne´el (chiral)
charge (q±), are
S =
1
2
σz , (16)
Q± = −e
∫
d2~x : ψ†±(x)ψ±(x) : (17)
= −e
∫
d2~k
(2pi)2
m
k0
{a†±(k)a±(k)− b†±(k)b±(k)} ,
q± = ∓g
∫
d2~x : ψ†±(x)ψ±(x) : (18)
= ∓g
∫
d2~k
(2pi)2
m
k0
{a†±(k)a±(k)− b†±(k)b±(k)} ,
respectively, with their action upon the asymptotic
fermion (antifermion) states with spin up and spin down,
|f−↑ 〉 (|f+↑ 〉) and |f−↓ 〉 (|f+↓ 〉):
S|f−↑ 〉 = + 12 |f−↑ 〉 , S|f+↓ 〉 = − 12 |f+↓ 〉 ,
S|f−↓ 〉 = − 12 |f−↓ 〉 , S|f+↑ 〉 = + 12 |f+↑ 〉 ; (19)
Q+|f−↑ 〉 = −e|f−↑ 〉 , Q+|f+↓ 〉 = +e|f+↓ 〉 ,
Q−|f−↓ 〉 = −e|f−↓ 〉 , Q−|f+↑ 〉 = +e|f+↑ 〉 ; (20)
q+|f−↑ 〉 = −g|f−↑ 〉 , q+|f+↓ 〉 = +g|f+↓ 〉 ,
q−|f−↓ 〉 = +g|f−↓ 〉 , q−|f+↑ 〉 = −g|f+↑ 〉 ; (21)
where
|f−↑ 〉 = a†+(k)|0〉 , |f+↓ 〉 = b†+(k)|0〉 , (22)
|f−↓ 〉 = a†−(k)|0〉 , |f+↑ 〉 = b†−(k)|0〉 , (23)
3state wave
function
electric
charge
chiral
charge
spin quasiparticle
|f−↑ 〉 u+ −e −g + 12 electron polaron
|f−↓ 〉 u− −e +g − 12 electron polaron
|f+↓ 〉 v+ +e +g − 12 hole polaron
|f+↑ 〉 v− +e −g + 12 hole polaron
TABLE I: The quasiparticles electric charges, chiral charges
and spin.
which means that, a†+ (a
†
−) creates a spin-up (spin-down)
fermion (electron polaron) and b†+ (b
†
−) creates a spin-
down (spin-up) antifermion (hole polaron). Moreover,
from the results above, for any fermion or antifermion
(spin up or down) quantum state |ψ〉, it is verified that
S|ψ〉 = − 1
2g
q±|ψ〉 , (24)
which proves the correlation among spin and chiral
charge (see TABLE I).
In the low-energy limit (Born approximation), the two-
particle scattering potential is given by the Fourier trans-
form of the two-particle t-channel scattering amplitude
(direct scattering) [18]. However, so as to compute the
scattering amplitudes, use has been made of the prop-
agators. Hence, switching off the coupling constants (e
and g), the tree-level propagators in momenta space, for
all the fields, read:
∆++(k) = i
/k −m
k2 −m2 , ∆−−(k) = i
/k +m
k2 −m2 ; (25)
∆µνAA(k) = −i
{
1
k2 − µ2
(
ηµν − k
µkν
k2
)
+
α
k2
kµkν
k2
}
,
∆µνaa(k) = −i
{
1
k2 − µ2
(
ηµν − k
µkν
k2
)
+
β
k2
kµkν
k2
}
,
∆µνAa(k) = ∆
µν
aA(k) =
µ
k2(k2 − µ2)
µρνkρ . (26)
From the propagators above, ∆++, ∆−−, ∆
µν
AA, ∆
µν
aa and
∆µνAa, the spectrum and the tree-level unitarity of the
model can be be analyzed by coupling them to exter-
nal currents, JΦi = (J+,J−,J µA ,J µa ), compatible with
the symmetries of the model, where the current-current
transition amplitudes in momentum space are written
as: AΦiΦj = J ∗Φi(k)〈Φi(k)Φj(k)〉JΦj (k). Then, by tak-
ing the imaginary part of the residues of the current-
current amplitudes, AΦiΦj , at the poles, it can be probed
the necessary conditions for unitarity – positive imagi-
nary part of the residues of the transition amplitudes,
=Res AΦiΦj > 0, as a consequence of the S-matrix be
unitary – at the tree-level and the counting of the degrees
of freedom described by the fields, Φi = (ψ+, ψ−, Aµ, aµ).
In summary, it has been concluded [19] that the two kind
of fermions, ψ+ and ψ−, hold two massive degrees of free-
dom with mass m – the electron-polaron |f−↑ 〉 (u+) and
the hole-polaron |f+↓ 〉 (v+) associated to the spinor ψ+,
and the electron-polaron |f−↓ 〉 (u−) and the hole-polaron
|f+↑ 〉 (v−) associated to the spinor ψ−. Also, the vector
fields, the electromagnetic field (Aµ) and the Ne´el gauge
field (aµ), carry each one two massive degrees of free-
dom with mass µ, moreover, it shall be noticed that the
single massless mode in model, displayed in ∆µνAa, does
not propagate, it decouples. From the results presented
above, it can be concluded that the the parity-preserving
U(1) × U(1) massive QED3 is free from tachyons and
ghosts at the classical level. Nevertheless, to have full
control of the unitarity at tree-level, it is still necessary
to study the behaviour of the scattering cross sections in
the limit of high center of mass energies, by analyzing
the Froissart-Martin bound [20].
III. THE MØLLER SCATTERING
In order to calculate the scattering amplitudes, it re-
mains the vertex Feynman rules associated to the inter-
action vertices −eψ± /Aψ± and ∓gψ±/aψ±: Υµ±±= ieγµ
and υµ±±=±igγµ, respectively.
FIG. 1: e−-polaron–e−-polaron (Møller) t-channel scattering
mediated by electromagnetic (Aµ) and Ne´el (aµ) quantum
fields.
The t-channel e−-polaron–e−-polaron Møller scatter-
ing amplitudes mediated by the electromagnetic and the
Ne´el quanta (see FIG. 1) are given by:
−iM±A∓ =
u±(p′1)[Υ
µ
±±]u±(p1)∆
AA
µν (k)u∓(p
′
2)[Υ
ν
∓∓]u∓(p2) ,(27)
−iM±a∓ =
u±(p′1)[υ
µ
±±]u±(p1)∆
aa
µν(k)u∓(p
′
2)[υ
ν
∓∓]u∓(p2) , (28)
−iM±A± =
u±(p′1)[Υ
µ
±±]u±(p1)∆
AA
µν (k)u±(p
′
2)[Υ
ν
±±]u±(p2) ,(29)
−iM±a± =
u±(p′1)[υ
µ
±±]u±(p1)∆
aa
µν(k)u±(p
′
2)[υ
ν
±±]u±(p2) . (30)
Furthermore, in the center of mass (CM) reference frame,
the three-momenta configuration of the two scattered
fermions, p1, p2, p
′
1 and p
′
2, so as the momentum transfer,
k, are fixed as
p1 = (E, p, 0) , p
′
1 = (E, p cosϕ, p sinϕ) ; (31)
p2 = (E,−p, 0) , p′2 = (E,−p cosϕ,−p sinϕ) ; (32)
k = p1 − p′1 = (0, p(1− cosϕ),−p sinϕ) = (0,k) , (33)
where ϕ is the CM scattering angle, defined as the angle
among the directions in the CM frame of the two incom-
ing (initial state) and outgoing (final state) fermions.
4The total s- and p-wave Møller scattering amplitudes
can now be derived from the partial ones (27)-(30) in the
low-energy approximation, Ms (|↑〉+ |↓〉 → |↑〉+ |↓〉) and
Mp (|↑〉+ |↑〉 → |↑〉+ |↑〉 or |↓〉+ |↓〉 → |↓〉+ |↓〉), where,
by assuming the momenta configuration above (31)-(33),
it follows that:
Ms = 1
k2 + µ2
(
e2 − g2) , (34)
Mp = 1
k2 + µ2
(
e2 + g2
)
. (35)
A. Scattering potentials
In the low-energy (nonrelativistic) limit, the two-
particle interaction potential, in the Born approximation,
is nothing but the two-dimensional Fourier transform of
the lowest-order two-particle M scattering amplitude:
V(r) =
∫
d2k
(2pi)2
M eik·r . (36)
Accordingly to the Born approximation (36), the
electron-polaron–electron-polaron s- and p-wave scatter-
ing potentials, mediated by the photon and the Ne´el
quasiparticle, read:
Vs(r) = 1
2pi
(
e2 − g2)K0(µr) , (37)
Vp(r) = 1
2pi
(
e2 + g2
)
K0(µr) . (38)
Thereafter, it can be concluded from (38) that, regardless
the values of the electromagnetic and the chiral coupling
constants – e and g, respectively – the e−-polaron–e−-
polaron interaction in p-wave state (|↑〉+|↑〉 or |↓〉+|↓〉)
is always repulsive. Nevertheless, from (37), it shall be
stressed about the possibility of attractive e−-polaron–
e−-polaron interaction in s-wave state (|↑〉+ |↓〉) provided
g2 > e2. In this case, where g2 > e2, the s-wave interac-
tion potential Vs(r) is attractive,
Vs(r) = − 1
2pi
(
g2 − e2)K0(µr) , (39)
however, this is not a sufficient condition for the existence
of bound states.
B. Bound states
Beyond the attractive nature, provided that g2 > e2,
of s-wave interaction potential (39) it has to be weak in
the sense of Kato [14],∫ ∞
0
dρ ρ[1 + |ln(ρ)|]|V(ρ)| <∞ , ρ = µr , (40)
so as to satisfy the Newton-Setoˆ and the Bargmann
bounds [15, 16], which guarantee bound states and estab-
lish an upper bound for their number (N0) for vanishing
angular momentum (l = 0):
N0 < 1 +
+
1
2
(
2µr
~2
)2 ∫ ∞
0
∫ ∞
0
ρρ′
∣∣∣∣ln( ρρ′ )
∣∣∣∣|V(ρ)||V(ρ′)|dρdρ′
µ2
(
2µr
~2
)∫ ∞
0
ρ|V(ρ)|dρ
;(41)
and upper bound for their number (N l) for nonvanishing
angular momentum (l 6= 0):
N l <
1
2l
(
2µr
~2
)
1
µ2
∫ ∞
0
ρ|V(ρ)|dρ , (42)
respectively, where ~ = 1 and µr = m2 is the e
−-polaron–
e−-polaron reduced mass.
It has been proved elsewhere [21] that, whenever an in-
teraction potential of the type V(r) = CK0(µr) is attrac-
tive (C < 0), it satisfies the following criteria: the weak-
ness in the sense of Kato (40); the Newton-Setoˆ bound
(41) for l = 0; and the Bargmann bound (42) for all l
such that l ≤ lm = bµr|C|~2µ2 c (where bxc is the floor func-
tion of x). In the same manner, by means of the effective
potential Veff(r) = ~
2(l2− 14 )
2µrr2
+ V(r) with 0 ≤ l ≤ lm,
it can be figured out that bound states arise (see FIG.
2). In addition to, it shall be stressed that these fulfilled
conditions, (40), (41) and (42), guarantee the existence
of bound states for any kind of three-dimensional space-
time model which exhibits scattering potential of the type
V(r) = CK0(µr) (C < 0).
FIG. 2: The effective e−-polaron–e−-polaron interaction po-
tential, which for the s-wave case, C < 0, Veff(r) is attrative,
if 0 ≤ l ≤ lm (solid line), and repulsive, if l > lm (dashed
line).
IV. CONCLUSIONS
The Lorentz invariant parity-preserving U(1) × U(1)
massive QED3, a mass-gap graphene-like planar quan-
tum electrodynamics model, at low-energy limit ex-
hibits electron-polaron–electron-polaron scattering short
5range non confining potentials, similarly it can be
concluded that the same behaviour takes place for
hole-polaron–hole-polaron scatterings. The interactions
among electron-polarons and hole-polarons are mediated
by two massive vector mesons, the photon (electric charge
source) and the Ne´el quasiparticle (chiral charge source),
both stemming from the U(1)A×U(1)a gauge symmetry.
It should be noticed that it was disclosed the correlation
among the electron-polaron (hole-polaron) spin polariza-
tion and correspondent chiral charge. At the tree-level,
the absence of tachyons (k2 < 0) and ghosts (〈ψ|ψ〉 < 0)
in the model spectrum guarantees causality and unitar-
ity, respectively, at this level. Notwithstanding, in order
to complete the tree-level unitarity analysis, it remains to
finish the proof that the scattering cross sections in the
limit of high center of mass energies respect the Froissart-
Martin bound [20], but since ultraviolet problems are
less critical in lower dimensional quantum field models,
together with the fact that the four space-time dimen-
sional QED (QED4) [18] satisfies the Froissart-Martin
bound, consequently this fulfilment shall be foreseen for
parity-even U(1) × U(1) massive QED3. Also, it shall
be pointed out that for condensed matter systems like
graphene, the quasiparticles (electron-polaron and hole-
polaron) dynamics is in non relativistic regime, so ul-
traviolet unitarity upper bound violations should not be
expected.
Bearing in mind hypothetical applications of the model
presented here to graphene, or any other two dimensional
system, the orders of magnitude of some theoretical pa-
rameters need to be established firstly, namely, a typi-
cal mass-gap in graphene is around meV [7] whereas the
low-energy limit for a condensed matter system is of eV
order. In addition to that, the characteristic range of
the two interactions, mediated by the both massive pho-
ton and the Ne´el quantum, shall be associated to the
pair-coherence length measured in graphene, orders of
magnitude in nm [22]. The mass-gap in graphene [7],
besides of being more realistic, can be either achieved
when pure graphene monolayer is settled on substrates
[8], increasing its application range and improving device
developments.
At the low-energy limit, the non relativistic electron-
polaron–electron-polaron (or hole-polaron–hole-polaron)
scattering potential, owing to photon and Ne´el quasipar-
ticle short range exchanges, shows to be always repulsive
(38) for parallel (p-wave) electron-polaron (hole-polaron)
spin polarizations (|↑〉+|↑〉 or |↓〉+|↓〉). Nevertheless,
for electron-polaron–electron-polaron (or hole-polaron–
hole-polaron) scatterings with antiparallel (s-wave) spin
polarizations (|↑〉+|↓〉), the s-wave interaction potential
(39) might be attractive provided e−(e+)-polaron–Ne´el-
quasiparticle coupling strength (|g|) be stronger than
the strength of e−(e+)-polaron–photon coupling (|e|),
g2 > e2. Moreover, the s-wave attractive scattering po-
tential (39) satisfies the Kato condition [14], the Newton-
Setoˆ and the Bargmann upper bounds [15, 16], indicat-
ing that s-wave bipolarons [11] might stem from these
electron-polaron–electron-polaron quasiparticles bound
states [21]. The possible emergence of such a Cooper-
type e−-polaron–e−-polaron condensate (bipolaron) di-
rectly calls the issue of superconductivity in graphene
[23], thus a deep investigation on that deserves special
attention.
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